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confirms the fact that C**coil is independent of molecular 
weight. In order to compare with available experimental 
data, the overlap concentrations between dilute and sem- 
idilute regimes and the crossover concentrations between 
semidilute and concentrated regimes were computed ac- 
cording to eq 6, 9, 18, and 40. The results are listed in 
Table 111. 

In comparing our approach with experiments, it should 
be emphasized that experimental values for the overlap 
concentrations are very difficult to obtain, especially for 
C**. We have some confidence in our own experimental 
estimates for poly( 1,4-phenyleneterephthalamide) (PPTA) 
in concentrated sulfuric acid and polystyrene (PS) in 
trans-decalin. Using forced Rayleigh light-scattering 
methods, Leger and co-workers' reported C* values for the 
PS-benzene system (except the value of C* of the highest 
molecular weight sample M, = 7.54 X lo5, which was es- 
timated from Figure 5 in ref 7), which are in very good 
agreement with the calculated C* values. The xanthan 
results are rough approximations and are included to 
provide additional experimental evidence. As the values 
of persistence length of xanthan from the l i t e r a t~ re '~?~ '  
were either estimated or calculated from the Kuhn sta- 
tistical length, three different C**cdcd values, as listed in 
Table 111, could be presented. Nevertheless, the C**&d 
values are within, or close to, the range of experimental 
estimates reported. The same predictions for the poly(y- 
benzyl L-glutamate) (PBLG)-1,2-dichloroethane system 
are shown in Table 111, where we have used two different 
p values (140 and 90 mn) to compute the C**&d values, 
while C**exptl - 5 X lo3 g/mL for M ,  - 1.5 X lo5. The 
overall agreement between experiment and theory is in- 
deed remarkable. Further confirmation awaits additional 
experimental data. 

Conclusions 
Overlap and crossover concentrations (C* and C**) are 

geometric problems controlled merely by effective volumes, 
irrespective of particle shape. If we take the persistence 
length as a fundamental parameter and assume that the 
molecular volume remains a constant, independent of 
chain flexibility, we can then correlate the overlap cross- 
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over concentrations from random coils to rigid rods with 
the effective length L* N ( P L ) ~ / ~  and the effective diameter 
d* u ( L / P ) ' / ~ ~  €or wormlike chains. 
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Self-consistent Field Theory for the Adsorption of Ring Polymers 
from Solution 
Boudewijn van Lent, Jan Scheutjens, and Terence Cosgrove* 
Laboratory for Physical Chemistry, Agricultural Uniuersity, De Dreijen 6, 
6703 BC Wageningen, The  Netherlands. Received August 27, 1986 

ABSTRACT The self-consistent field polymer adsorption theory of Scheutjens and Fleer has been extended 
for the case of ring macromolecules. This is achieved by enumerating the chain conformations in three dimensions 
while maintaining a mean field approximation to calculate the different interaction enthalpies. A comparison 
of the adsorption of rings and linear chains shows that under certain physical conditions the adsorbed amount 
of rings is higher, whereas in other cases the reverse is true. The volume fraction of segments in trains and 
loops is calculated as are the RMS thickness and bound fractions for different values of the adsorption energy 
and for a variety of different solvency conditions. 

Introduction 
One of the most interesting phenomena in the adsorp- 

tion of polymers at the solid-so]ution interface is the 
prediction that segments of adsorbed molecules can exist 

in extended "tails".l The Scheutjens-Fleer t h e ~ r y , ~ s  in 
Particular, predicts that a t  high adsorbed amounts very 
long tails are formed. This prediction has been corrobo- 
rated experimentally by hydrodynamic thickness mea- 
s u r e m e n t ~ . ~ ~ ~  

One way of investigating the influence of tails on ad- 
sorption Properties is to study a System that only has 
segments in loops and trains. An ideal system from this 

*School of Chemistry, University of Bristol, Cantock's Close, 
Bristol BS8 ITS, U.K. 
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otherwise, conformations will be included with their first 
and last segment in the same or an adjoining layer, but not 
necessarily in an adjacent lattice site. 

We start with extending the matrix method developed 
by DiMarzio and Rubin" into three dimensions. This 
method will give the end-segment probability pl(j,k,l;r) of 
a linear chain of r segments, i.e., the probability that the 
end segment of a chain of r segments ends in layer j in the 
site with coordinates k and 1 while the first segment is in 
site (i,O,O). 

Placing the first segment in site (i,O,O) we find that the 
end-segment probability pl(i,O,O;l) of a "chain" of one 
segment equals the free segment probability p I ,  whereas 
for every other lattice site pL( j ,k , l ; l )  equals zero: 

if j = i ,  k = 0, and 1 = 0 
= O  i f j # i , o r k # O , o r l # O  (5) 

Note that the free segment probability p L  depends only on 
the layer number i .  

From the end-segment probabilities p l ( j , k , l ; l )  it is 
possible to calculate the end-segment probabilities for a 
chain of two segments. For a cubic lattice we find 
p10',k,k2) = [p l ( j - l , k ,k l )  + ~ ~ ( j + l , k , k l )  + pI ( j , k - l , k l )  

+ p,O',k+Lkl) + p l ( j , k , l - l ; l )  + ~ , 0 ' , k , l + l ; l ) l p , / 6  (6 )  

where p I  is the free segment probability for layer j. Ob- 
viously, for other lattice types a similar equation can be 
given. For a lattice with coordination number z there will 
be a sum of z end-segment probabilities at the right-hand 
side of eq 6 .  For a cubic lattice there are, of course, only 
six combinations of j, k ,  and 1 that give us a nonzero 
pl(j,k,Z;2). In the same way the end-segment probabilities 
of a chain of three segments can be found from the end- 
segment probabilities of a chain of two segments and so 
on. In general we can write (for a cubic lattice and if step 
reversals are allowed) 
p lW$;r )  = 

pI ( j , k , l ; l )  = p l  

b l ( j - l , k , l ; r - l )  + pl ( j+ l ,k , l ; r - l )  + pl ( j ,k - l , l ; r - l )  + 
p, ( j ,k+l , l ; r - l )  + pl(j,k,Z-l;r-l) + p l ( j , k , l+ l ; r - l ) ]p l /6  

(7) 
The volume fraction @ ( i , l ) ,  used in eq 4, can then be 

calculated from these end-segment probabilities as follows. 
For every j we calculate the value of $,(j,s), which is the 
contribution of segments to the volume fraction in layer 
j, while the first segment is in layer i. If a number of 
conformations have segment s in layer j and segment 1 in 
layer i, we know that the contribution of their segments 
to the volume fraction in layer j is the same as the con- 
tribution of their segment 1 to the volume fraction in layer 
i. Hence 

4 ( i , l )  = Cd,O',S) (8) 

Note that s can be chosen arbitrarily. We can obtain ~$~(j,s) 
from 

I 

@,O',s) = CCp,o',k,l;s,r) (9) 
k,l 

C is a normalization factor and pI(j,k,l;s,r) is the probability 
of finding the sth segment of a ring polymer with chain 
length r in lattice site O,k,l) while segment 1 is in site 
(i,O,O). To calculate pLG,k,l;s,r) we join two chains of s and 
r-s+2 segments, respectively. Both have their first seg- 
ment in site (i,O,O) and their last in site (j,k,l). Hence we 
find 

pl0',k,~;s)p,Ci,~,l;r-s+2) 
pg1 

(10) 

In eq 10 we must divide by p 1  and p ,  because they are 

PlG,kJ;S,r) = 

point of view is one consisting of polymer rings. These 
molecules can be prepared in narrow molecular weight 
fractions and at reasonably high degrees of polymerization, 
typically 200-300 monomers.6 Although some of the so- 
lution properties of these polymers are known,'J no ex- 
perimental or theoretical data regarding their adsorption 
properties have been given. In this paper we extend the 
Scheutjens-Fleer theory for the case of the adsorption of 
ring polymers. Experimental data on the adsorption 
properties of these systems will be published separately. 

Theory 
The Scheutjens-Fleer (SF) theory2s3 is an extension of 

the Flory-Huggins lattice model of polymer solutions. In 
the adsorption model the lattice consists of layers parallel 
to the surface, numbered 1-M. Layer 1 is the layer next 
to the surface, while layer M is in the bulk solution. A site 
on the lattice has z nearest neighbors of which a fraction 
Xo is in the same layer and a fraction XI is in each of the 
adjacent layers, i.e., Xo + 2X1 = 1. A lattice site can be 
occupied by a solvent molecule or a polymer segment. 
Ignoring free volume effects, we have 

( 1 )  
where 4l is the volume fraction of polymer segments and 
$10 the volume fraction of solvent molecules in layer i. The 
volume fractions in the bulk solution are 4; and $*O, re- 
spectively. 

A very important parameter in the theory is the free 
segment probability p l .  This is a Boltzmann weighting 
factor which determines the probability that a "free" 
monomer is in layer i relative to the bulk solution. For 
the bulk solution p 1  = p ,  = 1. If p 1  is greater than 1 ,  the 
free monomer is more likely to occur in layer i than in the 
bulk solution. p l  is given by 

41 + 410 = 1 

p1 = (~10/~tO)~Z~((Q~)-Q~)e(~s+Xl~)6(l,~) (2) 
The factor C$?/~.O arises from the difference in solvent 
configurational entropy between the bulk and layer i. 

The difference in interaction energy between a segment 
in layer i and in the bulk is accounted for in the term 
2x( ( c$~)  - 4*), where x is the Flory-Huggins interaction 
parameter and ( 41)  is the site volume fraction defined by 

(41) = h41-1 + A041 + h41+1 (3) 
The factor e(x~+X1x)6(1+) takes the effect of the adsorption 

energy into account and S(1,i) is the Kronecker delta, which 
equals 1 when i = 1 but otherwise equals 0. The adsorption 
energy parameter, xs, is the difference in energy ( k T )  of 
the adsorption of a segment and a solvent mole~ule.~ The 
term X1x in the exponent arises because a segment in the 
first layer has exchanged Xlz contacts in the solution for 
the same number of surface contacts. 

For a linear polymer the probability of fiiding a segment 
in a given layer depends on its position in the chain. 
However, for a ring polymer this condition is relaxed; the 
segments are indistinguishable and contribute equally to 
the volume fraction in each layer. Note that this is the 
same condition that Roelo uses as a simplification in his 
theory on the adsorption of linear chains. Therefore 

where @ ( i , l )  is the volume fraction in layer i due to an 
arbitrary segment "one" and r is the number of segments 
in the ring. For a complete ring, + ( i , l )  is found by cal- 
culating the probability of all possible conformations 
having segment 1 in a lattice site in layer i with segment 
r in an adjacent site. This can only be achieved by enu- 
merating the chain conformations in three dimensions; 

41 = r 4 ( i , l )  (4) 
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included in both end-segment probabilities. Combining 
of eq 4, 8, 9, and 10 gives 

pi(i,k,l;s)pi0',k,l;r-s+2) 
di = r C C  (11) 

j , W  PiPj 

Now we must find an expression for the normalization 
factor C. For the bulk solution eq 11 becomes 

@* = rC Cp,(j ,k,l;s)p,(j ,k, l;r-s+2) 
j , W  
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Hence 
C = @ * / r c ,  

where 
c* = Cp.(j,k,l;s)p,(j,k,l;r-s+2) (13) 

The quantities p*(j,k,l;s) can be found by substituting in 
eq 7 that p ,  = 1 for every j .  Comparison with the nor- 
malization constant for linear chains (ref 2, eq 45) shows 
that c* compensates for the reduction in conformational 
entropy of the rings in bulk solution. 

Combination of eq 11 and 12 yields the final expression 
for 4,: 

I M  

@* plti,k,l;s)p,ti,k,l;r-s+2) 
(14) 

Note that for s = 1 substitution of eq 5 simplifies eq 13 
and 14 drastically. However, the best choice for s is the 
value r / 2 ,  because then only end-segment probabilities up 
to s = r / 2  are to be computed. 

When eq 1,2, and 14 are used, the concentration profiles 
for adsorbed rings can be found by a numerical mini- 
mization procedure.2 

In order to calculate the volume fractions due to ad- 
sorbed rings, @;, we must subtract the volume fraction of 
free chains, @Lf, from @l.2  These volume fractions of free 
chains are directly obtained from eq 5 ,7 ,  and 14 by using 
p 1  = 0. Note that for ring polymers the volume fraction 
due to segments in loops, $11, equals @; (i > 1). 

Method of Computation 
In practice we do not have to calculate all the end-seg- 

ment probabilities p,(j ,k, l;s) ,  as there is a high degree of 
symmetry in the cubic lattice in the k and 1 directions. For 
all end-segment probabilities the following expression is 
valid: 

- 
PPI 

@ , = - C  
c* J,k,l 

p l ( j ,k , l ;s)  = pl(j,-k,l;s) = pl(j,k,-l;s) = p,(j,-k,-l;s) = 
p,(j,l ,k;s) = p,(j,-l,k;s) = pL(j , l , -k;S)  = pl(j,-l,-k;s) (15) 

This means that for each value of j in eq 9 we need only 
values of p,(j,k,l;s,r) in the first quadrant in the area be- 
tween and including the lines l = 0 and k = l .  To find 
@,(j,s) we have to multiply p,(j,k,l;s,r) by 8 for the values 
of k and 1 within the boundaries. For the boundaries 
themselves, the lines 1 = 0 and k = 1, we must multiply by 
4 except for the point (j,O,O). 

Results and Discussion 
In Figure la,b we show concentration profiles for ring 

polymers of chain length 30 and for linear chains of the 
same length. The profiles are given for good solvent 
conditions (x = 0), a bulk concentration 4* = lo4, and two 
values of xs. For both values of xs, the linear chains extend 
further into solution than the rings, as expected, even 
though the adsorbed amounts are similar. In each inset 
we show expanded profiles, from layer 4 up to layer 8, 
which highlight this difference. As the hydrodynamic 
thickness of the adsorbed layer is determined by segments 
in the periphery of the p r ~ f i l e , ~  i t  is clear that measure- 

l a  

l i  

N I \  l b  

O d L - L k L  
1 3 5 7 9 

Figure 1. (a) Volume fraction 4i as a function of layer number 
i for rings (-) and linear chains (- - -). The calculations are made 
for molecules of 30 segments in a good solvent (x = 0) on a cubic 
lattice and a bulk concentration I$* = lo4: xs = 3. (b) As (a) but 
xs = 0.5 

ments of this kind would be very useful in comparing 
adsorbed rings and linear molecules. In Figure l b  we see 
that for xs = 0.5 the adsorbed amount for rings is greater 
than that for the linear chains, whereas the reverse is true 
for xs = 3 (Figure la, inset). This difference is seen more 
clearly in Figures 2 rind 3. In Figure 2, the variation of 
the adsorbed amount 0 = with xs is shown, and in 
Figure 3 we give adsorption isotherms. In Figure 3 there 
is a crossover around xs = 2.2 for x = 0.5 but at a larger 
value of xs (-2.7) for x = 0. However, both crossovers 
appear to occur for similar values of 0. This emphasizes 
again the importance of the adsorbed amount in deter- 
mining the structure of the adsorbed layer. In Figure 3 
a similar effect is seen in the adsorption isotherms, the 
crossover occurring at  a lower value of @* for the higher 
xs. The crossover, however, is not seen for xs = 1 in the 
range of shown. The data are shown for very short 
molecules because of the large computation times required, 
but it is anticipated that these effects should be more 
marked for higher molecular weights. The crossover effects 
can be understood since at low coverage the difference in 
conformational entropy loss on adsorption between rings 
and linear chains favors the adsorption of rings, whereas 
a t  high adsorbed amounts the development of tails in- 
creases the adsorption of linear molecules. A ring loses 
less entropy on adsorption than a linear chain. However, 
the entropy difference per  segment between rings and 
linear chains converges to zero in the limit of infinite chain 
length.12 For infinite chain length the onset of adsorption 
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a m -  

_ _  1 - - - - 
1 0  2 0  3 c  4 0  0 0  

X 5  

Figure 2. Adsorbed amount 0 as a function of xs for rings (-) 
and hear chains (- - -) in a good solvent (x = 0) and in a 0 solvent 
(x = 0.5). r = 20 and 4, = 

: L---' 1 d  

Figure 3. Adsorbed amount 8 as a function of the bulk con- 
centration for rings (-) and linear chains (- - -) in good solvent 
(x = 0) for xs = 1 and for xs = 3. r = 20. 

occurs at a critical adsorption energy xsc that compensates 
the change in  conformational entropy per segment. Hence 
xsc (which is 0.1823 for a cubic lattice) is the same for rings 
and linear chains. For finite chain lengths, however, the 
difference in conformational entropy per molecule gives 
rise to the onset of adsorption at different values of xs (see 
Figure 3). 

In Figure 2 we also show the effect of changing solvency. 
The major effect of reducing solvency here is to increase 
the adsorbed amount for a given value of &. 

In Figure 4 we show the contributions from loops for the 
data in Figure 1. Rings clearly form more extended loops 
than linear chains for similar adsorbed amounts. In all 
cases the density of loops decays monotonically with dis- 
tance from the surface. 

In Figure 5 we compare the RMS layer thickness for 
rings and linear chains. The RMS layer thickness, ~RMs,  
is given by 

-6. 0 -5 .  0 - 4 . 0  -3.0 -2. 0 

LOG C& > 

where 4? is the volume fraction of adsorbed chains. In all 
cases, as expected, linear chains form thicker layers than 
rings, even at  very low solution concentrations. An in- 
teresting observation is that the data for xs = 1 predict 
thinner layers than for xS = 0.5, even though the adsorbed 
amount is greater for the first case. This can be under- 

\ '  
\ 

7 1  I I 1 
2 3 4 5 6 

1 

Figure 4. Volume fraction of segments in loops, $,', as a function 
of layer number i for rings (-) and linear chains (- - -) for the same 
parameters as in Figure 1. 

D 

- r  

I xs-o.5 ' 
/ 

I , 

m - t------ '/ I 

0 -4. 0 -3 0 -2 0 

LOG@.> 

Figure 5. Root mean square layer thickness ( t R M S )  as a function 
of the bulk concentration for rings (-) and linear chains (- - -) 
for xs = 0.5 and for xS = 1. r = 20 and x = 0. 

' r  

yI 1' \ \  

I 4 I 
0.0 1.0 3.0 4. 0 

X; O 

Figure 6. Root mean square layer thickness as a function of xs 
for rings (-) and linear chains (- - -) for a 0 solvent (x = 0.5) and 
a good solvent (x = 0). r = 20 and 4* = lo4. 

stood in that the probability of finding segments at larger 
distances from the interface is greater at low xs (see also 
Figure 1). 

Finally, in Figures 6 and 7 we show the variation in tRm 
and the bound fraction, p = with xs for different 
values of X. For the depletion region (x, < xsc) the t R M s  
value drops with increasing xs (and increasing adsorbed 
amount). There is a concomitant increase in p .  With the 
same conditions, t R M s  of rings is always smaller than t R M s  
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x, 
Figure 7. Bound fraction p as a function of xs for rings (-) and 
linear chains (- - -1 for a 8 solvent (x = 0.5) and a good solvent 
(x = 0). r = 20 and 4. = 

of linear chains and p of rings is always greater than p of 
linear chains. Polymer rings will be slightly more effec- 
tively anchored at  an interface but will always form a 
thinner layer. 
Conclusion 

We have shown that the self-consistent field theory of 
Scheutjens and Fleer can be successfully adapted for the 

case of ring polymers. The results of these calculations 
emphasize the importance of tails in determining the ad- 
sorbed amount, the layer thickness, and the bound frac- 
tion. 
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Forward Depolarized Dynamic Light Scattering from Wormlike 
Chains 
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ABSTRACT The forward depolarized light scattering correlation function is calculated for a dilute solution 
of polymers modeled as elastic wormlike chains in the free-draining limit. The polymer is represented 
hydrodynamically by an effective cylindrically symmetric body and characterized by a single end-over-end 
rotational diffusion coefficient, 8. The correlation function for N polymer molecules is an infinite series of 
decaying exponentials of the form C(t) = (Np2/15)e~tClkajkbjk(U) exp[-l)(xp + Xk4)t/(2d2)], where p is the 
segment optical anisotropy, D is the translational diffusion coefficient, L is the contour length, and a = XL 
is the number of Kuhn lengths. The quantities xi N (2j + 1)7r/2 are eigenvalues of the elastic bending problem. 
An important feature of the above result is the combination of rotational and flexural contributions to the 
time constants of the relaxation terms. The relative contribution of each of these processes is a function of 
flexibility. Comparison with Brownian dynamics simulations indicates that the weights are greatly affected 
by the neglect of hydrodynamic interactions in the theory. Nevertheless, this equation is the first calculation 
of the depolarized scattering from a semiflexible molecule that has the correct rigid rod limit. It should also 
be applicable for the description of the field-free decay of the birefringence from molecules without a permanent 
dipole moment. The theory is in good agreement with experimental data from DNA restriction fragments. 

I. Introduction 
The wormlike coil model of Kratky and Porodl is one 

of the simplest one-parameter descriptions available for 
stiff linear polymer chains. the attractiveness of the model 
stems from its ability to span the whole range of flexi- 
bilities from the random coil to the rigid rod. The prop- 
erties of the polymer chain can be expressed in terms of 
the ratio, a, of the Kuhn statistical segment length, X-l, 
to the contour length, L. The persistence length, P, which 
is half the Kuhn length, is a commonly used alternative 
parameter. These parameters are related to the intrinsic 
chain elasticity parameter e by X = kT/2e. The transport 
and static properties of wormlike chain models have been 
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reviewed recently by Yamakawaa2 It is evident that the 
dynamics of these models is still in its development stage. 

Harris and Hear& were the first to propose a dynamical 
model of the wormlike chain treated as a differentiable 
space curve. This model has been criticized by Soda4 for 
its internal inconsistencies. Nevertheless, it has been used 
in calculations of the forward depolarized dynamic scat- 
tering by Moro and Pecora5 and extensively by Maeda and 
Fujime- to describe the polarized dynamic light scattering 
from semiflexible filaments. In a recent paper (hereafter 
referred to as I) Arag6n and Pecorag presented a treatment 
of the dynamics of wormlike chains that is free of the 
inconsistencies of the Harris and Hearst model. By elim- 
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